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Abstract—A previous paper analyzed in detail the difficulties
associated with the application of numerical methods to Halle´n’s
integral equation with the approximate kernel for the case of a
lossless surrounding medium. The present paper extends to the
case where the medium is conducting and points out similarities
and differences between the two cases. Our main device is an
analytical/asymptotic study of the antenna of infinite length.
Index Terms—Antenna theory, antennas in matter, integral
equations, moment methods, wire antennas
I. INTRODUCTION
The purpose of the 2001 paper [1] is to analyze the
difficulties associated with the numerical solution of the usual
(Halle´n and Pocklington) integral equations for a thin-wire
transmitting antenna. In [1], the antenna is isolated in a
lossless medium, is perfectly conducting, and is center-driven
by a delta-function generator. For the case of the well-known
approximate (also called reduced) kernel, the main difficulties
arise from the fact that neither of the said integral equations
has a solution; the important issue of “nonsolvability” is
discussed in detail in [1]–[3]. Since 2001, the analysis of
[1] has been extended in a number of directions, including
the so-called “extended thin-wire kernel” [4], feeds other than
the delta-function generator [5]–[8], loop antennas [9], [10], a
similar equation of electrostatics [11], as well as antennas with
finite conductivity, including carbon-nanotube antennas [12].
Furthermore, the analysis of [1] forms the foundation for the
development of an easy-to-apply technique [11], [13]–[16] that
is an a posteriori remedy for the most important difficulties.
The present article extends results of [1] toward a dif-
ferent direction, specifically to the case where the medium
surrounding the thin-wire antenna is conducting. A standard
general reference for such antennas is [17], while [18] contains
moment-method analyses, and the recent paper [19] is a
pertinent application to carbon nanotubes. Section II contains
straightforward numerical results that explicate the difficulties
associated with moment-method solutions. Then, in Section
III, we explain the findings of Section II by means of an
analytical study of the much simpler antenna of infinite length.
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Most of the derivations pertaining to Section III are in the
Appendix, whose contents parallel material in [1].
The approximate kernel, which is a much simpler version
of the so-called exact kernel, is extensively used alongside
its “exact” counterpart, featuring in the majority of modern
antenna textbooks; see, e.g., [20]–[23]. Furthermore, exten-
sions of the integral equations with the approximate kernel
apply to more involved “real-life” antenna configurations,
which are typically dealt with by standard antenna-analysis
software such as the popular Numerical Electromagnetics
Code (NEC) [24]. Let us add that the approximate kernel
enjoys wide popularity in the literature dealing with Halle´n’s
and Pocklington’s equations for carbon nanotube antennas
(CNTs). Characteristic examples include [25]–[27], where the
approximate kernel is used exclusively, while in other works
both kernels are employed (e.g., [28], [29]).
It is perhaps to be expected that the difficulties we find in
this paper are quite different from the difficulties (discussed
recently in [12], [16]) that arise in the case where the antenna
itself is an imperfect conductor [30], [31]. On the other hand,
it is probably surprising that our central analytical result for
the infinite antenna—eqn. (8) below—appears very similar
to the corresponding result of [1] for the case of a lossless
surrounding medium; compare our (8) to eqn. (38) of [1].
The predictions of the two results, however, are not the same.
This is why our derivations and discussions focus on the
similarities/differences with [1].
We close this Introduction by listing the main conclusions
from [1]: For the case of a lossless surrounding medium and
for N  1, where 2N + 1 is the number of subdomain
basis functions, the moment-method solutions for the current
I(z) exhibit large and unphysical oscillations near the driving
point at z = 0. These oscillations specifically occur in the
imaginary part Im{I(z)/V } (V is the driving voltage at
z = 0), while the real part presents no such oscillations.
Additional oscillations, in both the real and imaginary parts,
occur near the antenna endpoints. The oscillations are not
due to roundoff or matrix-ill-conditioning effects. Rather, they
are due to the aforementioned “nonsolvability,” discussed
particularly clearly in [2]. Condition numbers are large and
thus magnify roundoff errors [5], but these are separate issues.
The near field associated with the oscillating currents [11],
[13]–[16] exhibits a superdirective-type behavior, oscillating
up to a radial distance ρ equal to the antenna radius a. After
ρ = a, the oscillations cease and the field is similar to that
produced by the current satisfying the exact integral equation.
This similarity, in fact, forms the basis for the a posteriori
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2Fig. 1. Real part of In/V (dots) as calculated by Galerkin’s method;  =
0, µ = µ0, ω = 2pi × 5× 108 rad/s, γ = 0.1 S/m, h = 0.25λ, a =
0.007022λ, and N = 200. Some values near n = 0 are out of scale and are
not shown. The solid lines are corresponding results with the exact kernel.
remedy mentioned previously.
II. DIFFICULTIES ASSOCIATED WITH FINITE ANTENNA
The current I(z) on a wire antenna center-driven by a delta-
function generator satisfies Halle´n’s equation [17], [32], [33]∫ h
−h
K(z − z′)I(z′) dz′ = iV
2ζc
sin kc|z|+ C cos kcz, |z| < h
(1)
where
K(z) =
1
4pi
exp
(
ikc
√
z2 + a2
)
√
z2 + a2
(2)
In (1) and (2), K(z) is the approximate kernel, 2h and 2a
are the antenna length and diameter, C is a constant to be
determined from I(±h) = 0 (see [17] for discussions on this
condition), and an e−iωt time dependence is assumed. The
complex parameters kc and ζc are
kc = ω
√
µc, ζc =
√
µ
c
, c = + i
γ
ω
(3)
in which the real paramaters , µ, and γ are the permittivity,
permeability, and conductivity of the surrounding medium.
While standard in the literature, we stress that (1) is approxi-
mate due to current leakage into the lossy surrounding medium
[32]. In (1) and (2), the differences from [1] (whose figures
pertain to a lossless medium with γ = 0) appear in ζc and kc,
which now have nonzero imaginary parts, assumed to satisfy
Im{kc} > 0 and Im{ζc} < 0.
Let  = 0, µ = µ0, λ = 2pic/ω, c = 3 × 108 m/s,
ω = 2pif = 2pi × 5× 108 rad/s, and γ = 0.1 S/m. At the
aforementioned frequency f , our chosen value of γ corre-
sponds to damp native soil from Kirtland Air Force Base
(and is also close to the value for wet Belen soil) [34]. Also,
let h = 0.25λ, a = 0.007022λ, and N = 200; these three
parameters are the same as in Figs. 1 and 2 of [1], with 2N+1
Fig. 2. Like Fig. 1, but for imaginary part of In/V .
being the number of pulse basis functions. When applied to
(1), Galerkin’s method gives the results shown in Figs. 1 and
2, where the abscissa n denotes the basis-function number,
with n = 0 at the driving point z = 0. Corresponding results
with the exact kernel are also shown. Our Galerkin’s method
is identical to the lossless case and is described in detail in
[1]. The difference with the corresponding figures in [1] is
immediately apparent: Oscillations near the driving point occur
not only in Im{I(z)/V }, but also in the real part Re{I(z)/V }
(in fact, we chose γ in order for the real part to exhibit
noticeable oscillations). In the next section, we explain this
difference, quantitatively, by appealing to the infinite antenna.
III. EXPLANATIONS VIA INFINITE ANTENNA
The infinite-antenna current I(∞)(z) satisfies the well-
known, analogous to (1) integral equation∫ ∞
−∞
K(z − z′)I(∞)(z′) dz′ = V
2ζc
eikc|z|, −∞ < z <∞
(4)
(cf. [1], [2]), whose nonsolvability is due to the exponential
smallness of the Fourier transform K¯(ζ) of the approximate
kernel K(z), see eqn. (17) of the Appendix.1 To apply
Galerkin’s method with pulse functions to (4), we set
I(∞)(z) ∼=
∞∑
n=−∞
I(∞)n un(z), −∞ < z <∞ (5)
where un(z) (n = 0,±1, . . .) are the pulse basis functions of
finite width z0, with u0(z) centered at z = 0. Substitute (5)
into (4), multiply by ul(z), and integrate with respect to z to
obtain the system of equations
∞∑
n=−∞
Al−nI(∞)n = Bl, l = 0,±1,±2, ... (6)
1When the exact kernel is used, the corresponding integral equation is
solvable and, in fact, one can explicitly calculate the associated fields inside
and outside the tube [2].
3for the unknown basis-function coefficients I(∞)n , where Al
and Bl are determined in the Appendix.
The key idea is that the system (6) is doubly infinite and
Toeplitz and can therefore be solved exactly for nonzero z0
using Fourier series, i.e., by application of the usual process
of discrete deconvolution. This is done in the Appendix. Then,
the Appendix determines the asymptotic behavior of I(∞)n
subject to the conditions
z0
a
 1, nz0
a
= O(1), |kc|z0  1 (7)
The first two conditions are the same as in [1], while the third
one is new. The final asymptotic result is
I(∞)n ∼− i
V
ζc
pi3
32
√
2
kc z0
√
z0
a
(−1)n
× exp
(
api
z0
)
1
cosh
(
pi
2
z0
a n
)
×
[
1− 5
2pi
z0
a
+
5
4
n
(z0
a
)2
tanh
(pi
2
z0
a
n
)] (8)
As already mentioned in our Introduction, (8) is very similar
to the corresponding equation in [1], namely eqn. (38) of [1].
In fact, the only difference is that the real parameters k and
ζ0 of [1] are replaced by the complex parameters kc and ζc.
Since (3) gives
kc/ζc
k/ζ0
=
ωc
ω
= 1 + i
γ
ω
(9)
we can divide (8) by eqn. (38) of [1] to obtain
I
(∞)
n
V
∼ (1 + i tan δ) I
(∞)
n,lossless
V
(10)
where tan δ = γ/(ω) is the usual loss tangent of the
surrounding medium and I(∞)n,lossless is the corresponding quan-
tity for the lossless case (i.e., the basis-function coefficient
determined asymptotically in [1]). While simple, we stress that
(10)—which is asymptotic—was not expected beforehand. No
relation similar to (10) holds far from the driving point, or
when the pulse width z0 is large. In other words, (10) is valid
only subject to (7), only describes behavior near z = 0, and
is not valid far from z = 0.
As I(∞)n,lossless/V is purely imaginary, (8) and (10) predict
oscillations in both the real and the imaginary parts, with a
ratio asymptotically equal to − tan δ, and with oscillations in
the imaginary part asymptotically the same as in the lossless
case. For parameters as in Figs. 1 and 2, Table I shows that
the first few values of In/V are close to the values of I
(∞)
n /V
obtained from (8). Table I also verifies (compare to Table II
of [1]) that γ has negligible influence on the oscillations
in the imaginary part. Our Table I (as well as many other
similar results we have obtained) indicates that the oscillating
values obtained via Galerkin’s method for the finite antenna
can be quantitatively estimated from our analytical/asymptotic
results for the infinite antenna. We stress that our Table I is
representative of what occurs within a wide range of parameter
values, as long as the parameters satisfy (7).
IV. CONCLUSIONS, EXTENSIONS, FUTURE WORK
The main difficulty associated with the moment-method
solutions of the usual thin-wire integral equations with the
approximate kernel is known from [1]: For a sufficiently large
number of basis functions, the imaginary part Im{I(z)/V }
is very large and oscillates rapidly. In the present paper, we
extended this result to the case where the surrounding medium
is imperfectly conducting. It was found that oscillations occur
in both the real and the imaginary parts. As in the lossless case,
the oscillations are not due to roundoff errors or to matrix-
ill-conditioning effects: while important (e.g. the admittance
matrix pertaining to Figs. 1 and 2 and Table I has a condition
number equal to 5×108), such issues are completely separate.
As in [1], our analytical/asymptotic results for the infinite
antenna help us understand the behavior of the numerical
solutions for the finite one. Furthermore, many of the exten-
sions and remarks of [1] continue to hold in the present case.
For example, since (2N + 1)z0 = 2h in the finite antenna,
the condition z0  a for oscillations near the driving point
[see (7)] translates to N  h/a for the finite antenna. Also,
oscillations occur with different basis and testing functions;
these, however, can give rise to different asymptotic formulas.
Many of our results carry over, without modification, to Pock-
lington’s equation. Finally, our analytical/asymptotic study is
only relevant to oscillations near the driving point; for a study
of oscillations near the endpoints (see our two figures), one
must solve a Wiener-Hopf sum equation and (as in the lossless
case [1]) this seems difficult to carry out.
We have additionally applied our methods to the so-called
“extended thin-wire kernel” (see [4] for the lossless case). Our
main conclusions continue to hold, while the essential benefits
of the extended kernel (milder and slower oscillations) were
verified via extensive numerical experiments.
Future work will focus on the a posteriori remedy men-
tioned in our Introduction. The detailed understanding ob-
tained via (10) is expected (as in the lossless case [14], [15])
to greatly facilitate this study.
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V. APPENDIX
As long as k and ζ are replaced by kc and ζc, eqns. (20) and
(8) of [1] continue to hold, giving a closed-form expression
for Bl and a single-integral expression for Al. To solve the
infinite system (6), introduce the Fourier series
A¯(θ) =
∞∑
l=−∞
Ale
ilθ, B¯(θ) =
∞∑
l=−∞
Ble
ilθ
I¯(θ) =
∞∑
l=−∞
I
(∞)
l e
ilθ
(11)
and the use the convolution theorem to obtain
I(∞)n =
1
2pi
∫ pi
−pi
B¯(θ)
A¯(θ)
e−inθdθ =
1
pi
∫ pi
0
B¯(θ)
A¯(θ)
cos(nθ)dθ
(12)
4TABLE I
COMPARISON OF THE FIRST 32 VALUES OF THE COMPLEX In/V DERIVED VIA GALERKIN’S METHOD (FOR THE FINITE ANTENNA) TO CORRESPONDING
RESULTS OBTAINED VIA (8) (FOR THE INFINITE ANTENNA). THE PARAMETERS (h/λ, a/λ, ETC.) ARE THOSE OF FIGS. 1 AND 2.
n Re{In/V } Re
{
I
(∞)
n /V
}
Im{In/V } Im
{
I
(∞)
n /V
}
n Re{In/V } Re
{
I
(∞)
n /V
}
Im{In/V } Im
{
I
(∞)
n /V
}
0 9.56× 102 8.95× 102 −2.66× 102 −2.49× 102 16 3.54× 101 3.58× 101 −9.86× 100 −9.95× 100
1 −9.23× 102 −8.72× 102 2.57× 102 2.42× 102 17 −2.77× 101 −2.77× 101 7.72× 100 7.73× 100
2 8.37× 102 8.07× 102 −2.33× 102 −2.25× 102 18 2.17× 101 2.16× 101 −6.04× 100 −6.00× 100
3 −7.23× 102 −7.14× 102 2.01× 102 1.99× 102 19 −1.70× 101 −1.67× 101 4.73× 100 4.65× 100
4 6.02× 102 6.08× 102 −1.68× 102 −1.69× 102 20 1.33× 101 1.30× 101 −3.70× 100 −3.61× 100
5 −4.90× 102 −5.03× 102 1.36× 102 1.40× 102 21 −1.04× 101 −1.00× 101 2.91× 100 2.79× 100
6 3.93× 102 4.07× 102 −1.09× 102 −1.13× 102 22 8.17× 100 7.78× 100 −2.27× 100 −2.16× 100
7 −3.13× 102 −3.26× 102 8.70× 101 9.06× 101 23 −6.39× 100 −6.02× 100 1.78× 100 1.67× 100
8 2.47× 102 2.58× 102 −6.88× 101 −7.12× 101 24 5.01× 100 4.66× 100 −1.39× 100 −1.30× 100
9 −1.95× 102 −2.03× 102 5.41× 101 5.65× 101 25 −3.92× 100 −3.60× 100 1.10× 100 1.00× 100
10 1.53× 102 1.59× 102 −4.25× 101 −4.44× 101 26 3.08× 100 2.78× 100 −8.52× 10−1 −7.74× 10−1
11 −1.20× 102 −1.25× 102 3.34× 101 3.47× 101 27 −2.40× 100 −2.15× 100 6.73× 10−1 5.98× 10−1
12 9.40× 101 9.74× 101 −2.62× 101 −2.71× 101 28 1.89× 100 1.66× 100 −5.21× 10−1 −4.61× 10−1
13 −7.37× 101 −7.60× 101 2.05× 101 2.11× 101 29 −1.47× 100 −1.28× 100 4.14× 10−1 3.56× 10−1
14 5.77× 101 5.92× 101 −1.61× 101 −1.65× 101 30 1.16× 100 9.88× 10−1 −3.18× 10−1 −2.75× 10−1
15 −4.52× 101 −4.60× 101 1.26× 101 1.28× 101 31 −9.01× 10−1 −7.62× 10−1 2.55× 10−1 2.12× 10−1
The Fourier series for B¯(θ) converges by the aforementioned
closed-form expression for Bl and the condition Im{kc} > 0
of Section II. Direct summation2 then gives
B¯(θ) = − iV
ζc
2
kc
sin2
kcz0
4
cos kcz02 + cos
2 θ
2
sin θ+kcz02 sin
θ−kcz0
2
(13)
Substituting the aforementioned expression for Al into (11)
and applying the usual Poisson summation formula yields
A¯(θ) =
∞∑
m=−∞
∫ ∞
−∞
∫ z0
0
(z0 − z)[K(z − xz0)
+K(z + xz0)]dze
ix(θ−2mpi)dx
(14)
Let K¯(ζ) denote the Fourier transform (not to be confused
with our similar notation for Fourier series) of K(z). Eqn.
(14) can be rewritten as
A¯(θ) = z0
∞∑
m=−∞
K¯
(
2mpi − θ
z0
)
sin2 θ2(
mpi − θ2
)2 (15)
Integrals 2.5.25.9 and 2.5.25.15 of [35] and the detailed
analytic-continuation arguments of [2] give K(ζ) as
K(ζ) =
1
2pi
K0
(
a
√
ζ2 − k2c
)
(16)
where K0 is the modified Bessel function. Eqns. (12), (13),
(15), and (16) provide the exact solution of the Toeplitz system
(6) for nonzero discretization length z0.
2This is somewhat simpler than the corresponding step in [1], where
one must additionally assume that Im{k} > 0. As a result, the integrals
corresponding to those in (12) have indented integration contours.
As z0 → 0, (16) shows that K(ζ) is exponentially small:
K¯(ζ) ∼ 1
2
√
1
2pia|ζ|e
−a|ζ| (17)
We can thus approximate the denominator in the integrand of
(12) by the first two terms (m = 0 and m = 1) in the sum
(15) and then set φ = pi − θ to obtain (18), shown at the
bottom of this page. As z0 → 0, the dominant contribution to
the integral in (18) comes from a small interval near φ = 0.
Thus the contribution
∫ pi
1
is negligible and we can change the
upper integration limit in (18) from pi to 1. We then replace
the two instances of K¯ using (17) and set x = φa/z0 to get
I(∞)n ∼
1√
2pi
kcz0
√
z0
a
(−1)nepi az0 f
(z0
a
, kca, n
z0
a
)
(19)
where f is given by eqns. (35) and (36) of [1] with k and
ζ replaced by kc and ζc. Those two equations and steps
identical to steps in [1] allow us to obtain the first two terms
in the Taylor-series expansion of f in powers of z0/a. Upon
substituting the expression for f thus obtained into (19), we
arrive at the desired asymptotic result (8).
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